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The coalescence of bubbles bears on several practical aspects,1,6

such as propellers erosion, the generation of luminescence, and a
special case of chemical reactivity. Bubbles were advocated to drive
microfluidic transport, and their presence was reported in atomic
force microscopy experiments.5 The description of bubble collapse
has long been done in terms of hydrodynamics.1,6 Information on
the collapse7 is obtained usually through sonoluminescence experi-
ments.8 Theoretically, analytical models2 and semianalytic solutions
of the dynamics of collapse have appeared,9 together with atomistic
simulations with simple Lennard-Jones potentials.10 The appearance
of cavities has been studied by molecular dynamics simulations.11

The present molecular dynamics simulations of bubble collapse
were performed12 for the idealized cavity with a radius of 1 nm
(an additional calculation was performed for a radius of 1.5 nm) at
constant pressure of 1 atm. During the collapse, the system was
not coupled to a thermal bath, and temperature was allowed to vary
freely. Water was described by the SPC model.13 All simulations
were carried out with the TINKER package.12 Bubbles were created
inside cubic boxes with up to 3000 water molecules. The systems
were equilibrated in the presence of a Lennard-Jones potential at
their center with a collision radius of 1 (or 1.5) nm. After
equilibration, a minimum of five statistically independent collapses
for each radius and each temperature were run. The cavity was
divided in at least six concentric shells of equal thickness; the
associated radius was reached when the water density inside the
shell was half that of the bulk. Figure 1 shows that the collapse
time is of the order of∼10 ps and is a function of temperature.
According to hydrodynamics, if the collapse of the cavity is rapid,
that is,Violent, the radius variation in time is

whereR0 is the initial radius, andtc is the time of collapse that is
obtained here by the simulations. Figure 1 also compares our results
and the curves obtained with eq 1. The agreement is satisfactory
and implies that nanobubble collapse follows the hydrodynamics
description in the violent regime at all temperatures of liquid water.
A similar trend was found for a bubble of 15 Å radius at 300 K.
An increase of temperature of 80 K, from 280 to 360 K, decreases
the lifetime of the cavity by more than a factor of 2. To the best of
our knowledge, the temperature dependence oftc has only been
explored with simplified models, such as the perfect gas model,9c

where it goes asT-0.5 and, therefore, has a much weaker dependence
than that found by our simulations, where it is either linear with a
correlation coefficient,r ) 0.988, or quadratic with a correlation
coefficient,r ) 0.997 (parameters and their errors are given in the
Supporting Information).

We monitored the local temperature of the wall of water
molecules pouring into the cavity and found transient local
temperatures of several thousand degrees (see Table 1). The table
also reports the velocity of collapse of the cavity wall at 99% of

the filling, V99%. Experimentally,7 for bubbles in the micrometer
size domain and at room temperature, it was estimated that 1200
e Vfinal e 1600 m s-1. The present value ofV99% ) 950 m s-1 is in
reasonable agreement. Alternatively to the radius variation, the
collapse can be monitored as a function of the number density of
water inside the cavity. Figure 2 shows the variation of normalized
number density for the two cavities studied here at various

R(t) ) R0(tc - t

tc )2/5

(1)

Figure 1. Collapse of cavities in water. The points are obtained using
atomistic molecular dynamics and the lines from eq 1, where the time of
collapse,tc, is also determined from the present simulations.

Table 1. Summary of the Calculations of Bubble Collapse in
Watera

Tbulk (K) R0 (Å) tc (ps) Tmax (K) v99% (m s-1) z (ps-1); c (ps)b

280 10 8.5( 0.1 1570 750 0.45; 2.09
300 10 6.7( 0.1 2180 950 0.56; 1.98
320 10 5.8( 0.1 2130 1093 0.62; 1.62
340 10 4.8( 0.1 2470 1320 0.83; 1.21
360 10 3.9( 0.1 4350 1625 0.86; 1.02
300 15 12.0( 0.1 3250 790 0.35; 3.71

a R0 is the initial radius;tc is the collapse time;Tmax is the maximum
temperature achieved during the collapse. For the other parameters, see
text. b The error on everyz is (0.01; the error on everyc is lower than
(0.03.

Figure 2. Variation of normalized number density for two cavities of radius
10 and 15 Å (inset) and the fitting with the logistic equation (solid line).
Black for 280 K, red for 300 K, green for 320 K, blue for 340 K, purple
for 360 K.
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temperatures, and the fitting in terms of the solution of the logistic
equation that has found wide use to describe the growth of a
population in the presence of limiting factors (such as predators
for animals). Here, the limiting factor is the number density of water,
σ0, at the temperature of the simulation. If one normalizes the
equation toσ0, the logistic equation is

wherez is the Malthusian parameter, proportional to the rate of
cavity filling, andc is the time to reach half the limit population.

In an Arrhenius plot, the logarithm ofzplotted against the inverse
of the temperature yields an activation energy of 1.7 kcal mol-1;
the activation energy of self-diffusion of water is∼4.5 kcal mol-1.14

During the collapse, the energy of the system changes. Macro-
scopically, a simple description entails the variation of the free
energy,∆F, of the surface in time. Neglecting curvature effects,
the free energy of an equilibrated surface cavity is proportional to
the area, 4πr2, multiplied by the surface tension,γ, at each bulk
temperature.15,16 The use ofγ for the bulk is in keeping with the
Rayleigh-Plesset equation. If the bubble collapse was a perfectly
adiabatic process, the free energy variation could be calculated by
combining eq 1 and the surface area,∆F ) γ4πR2(t). Corrections
for the curvature may also be considered.17 For a comparison with
the MD results, one needs the energy∆E ) ∆F + T∆S, where∆S
) kBln(0.5)N, with N being the number of water molecules in the
collapsing wall at every time. The factor of 0.5 is the ratio of
hydrogen bonds in the bulk and on the surface.18 Figure 3 compares

the variation of energy during the collapse calculated using
molecular dynamics and the qualitative approach. At low temper-
atures (280 K), there is good agreement between the two ap-
proaches. As the temperature increases, the collapse becomes less
and less adiabatic. In particular at 360 K, close to the boiling point,
any resemblance between the two approaches is lost. However, at
sufficiently low temperatures, the energy variation of the collapse
of bubbles in water is rather well described by a simple equation.
The main conclusion of this work is that the collapse of nanosize
bubbles in water can be monitored in different ways: (1) it follows
the simple analytical solution of the Rayleigh-Plesset equation in
the violent regime at all temperatures; (2) it satisfies a logistic
growth equation of the filling of the cavity until the liquid inside
reaches the standard water density; and (3) empirically, at temper-
atures far from the boiling point, we find that the energy variation
during the implosion of the MD runs is well reproduced by
combining a qualitative approach.

Supporting Information Available: Some computational and
theoretical details.
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Figure 3. Comparison between∆E ) γ4πR2(t) + T∆S (red line) and the
results of molecular dynamics simulations (dotted line) for the energy
variation during bubble collapse: (a)R0 ) 10 Å, T ) 280 K; (b)R0 ) 10
Å, T ) 300 K; (c)R0 ) 10 Å, T ) 360 K; (d)R0 ) 15 Å, T ) 300 K. The
error in the dotted curves is 19.4 kcal mol-1.

σj(t) ) 1
1 + exp(-z(t - c))

(2)
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